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Learning the Temporal Dynamics of Behavior

Armando Machado

Indiana University Bloomington

This study presents a dynamic model of how animals learn to regulate their behavior under time-
based reinforcement schedules. The model assumes a serial activation of behavioral states during
the interreinforcement interval, an associative process linking the states with the operant response,
and a rule mapping the activaticn of the states and their associative strength onto response rate or
probability. The model fits data sets from fixed-interval schedules, the peak procedure, mixed fixed-
interval schedules, and the bisection of temporal intervals. The major difficulties of the model came
from experiments that suggest that under some conditions animals may time 2 intervals independently

and simultaneously.

Time is not a cause, but a vehicle of causes.
—( Attributed to Jean Piaget}

Many vertebrates show some form of behavioral sensitivity
to time, certainly one of the most important variables in the
study of learning. Aware of this fact, psychologists have con-
ducted substantial research to understand how time controls
behavior {e.g., Ferster & Skinner, 1957; Gallistel, 1990; Gib-
bon & Allan, 1984; Platt, 1979; Richelle & Lejeune, 1980;
Staddon, 1983). Their efforts have culminated in two elegant
theories of timing, the scalar expectancy theory (SET) devel-
oped by Gibbon and his colleagues ( Church, Meck, & Gibbon,
1994; Gibbon, 1977, 1991), and the behavioral theory of timing
(BeT) developed by Killeen and Fetterman ( 1988; also Killeen,
1991).

SET is a cognitive account that postulates various informa-
tion-processing devices to explain the temporal regularities of
learned behavior. A pacemaker generates pulses with a high but
variable frequency. An accumulator accumulates the pulses untii
an important event, such as food for a hungry animal, occurs.
At that moment, the number of accumulated pulses is stored in
long-term memory. When the animal starts to time an interval,
it extracts a sample from its distribution of values in long-term
memory and then, throughout the interval, compares the sampled
value with the current number in the accurnulator. The relative
discrepancy between these two numbers controls, through one
or more thresholds, the animal’s behavior.
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BeT is a more behavioral account that conceives of the animal
as moving across an invariant series of behavioral classes during
interreinforcement intervals. A pulse from an internal pacemaker
changes the behavioral class in which the animal is engaged.
When a reinforcer occurs for, say, pecking a key, the animal
associates the current behavioral class with pecking. According
to BeT, the behavioral classes serve as discriminative stimuli,
cues that set the occasion for the operant response.

Although BeT’s emphasis on the discriminative function of
behavioral classes and SET’s reliance on adjustable thresholds
imply a learning process, neither account deals explicitly with
learning. In other words, SET and BeT describe the behavior
of animals after prolonged exposure to time-based reinforcement
schedules, but remain silent on how animals attain the steady
state and on how animals regulate their behavior in real time.
The quest for a dynamic, learning model of temporal control is
the major goal of this study.

Ultimately, a general theory of the temporal control of behav-
ior will have to address the issues of learning and real-time
dynamics. First, some deep problems of temporal control sur-
face only when the dynamic, real-time properties of the problem
are specified clearly. A case in point is the credit-assignment
problem: How does time, as opposed to some stimulus or re-
sponse dimension, come tc control the behavior of the animal?
To date, this question has remained not only unanswered, but
essentially unasked. Second, to deal with specific instances,
static theories are forced to make ad hoc assimptions about the
learning process, but these assumptions are not always mutually
compatible. For example, to derive predictions for 2 variety of
experimental procedures, Killeen and Fetterman ( 1988) had to
make assumptions concerning which behavioral classes are con-
ditioned to which responses. Sometimes only one class was
assumed to be conditioned to a specific response; at other times
it was necessary to assume that multiple classes are conditioned

" to a single response. No principled argument justified the two

different assumptions. Third, dynamic models invite researchers
to integrate what are currently disconnected pieces of knowl-
edge. Thus, by asking how the processes of reinforcement and
extinction affect temporal regulation, how temporal generaliza-
tion and discrimination map onto absolute response rate, and
how choice rules apply in time-based situations, dynarnic mod-
els bring together pieces of the same puzzle, pieces that hitherto
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have remained apart. In the same vein, Ferster and Skinner
(1957} identified a set of variables that are likely to control
behavior in time-based schedules: response rate at the moment
of reinforcement, total number of responses emitted during the
interreinforcement interval, time since the last reinforcer, and
the discriminative stimulus function of the reinforcer itself. Dy-
namic models are one avenue to test ones’ guesses of how these
variables relate to each other and determine behavior.

The development of a learning model of temporal control
faces three major challenges. The first is to describe how tempo-
ral regulation develops in real time. Thus, if we assume that
reinforcement is a critical component of temporal regulation,
then the model must describe in real time how reinforcement
plays its role. The second challenge is to specify how the process
of temporal regulation maps onto observable behavior. Third,
the model must satisfy the empirical constraints identified by
the static accounts. That 1s, the predictions of the dynamic model
must converge to the correct steady-state description of
behavior.

The present study is a first attempt to develop a dynamic
model of how animals learn to regulate their behavior in time-
based schedules. Despite the contemporary fashion for proba-
bilistic approaches (e.g., SET and BeT), the present model is
deterministic and stresses the average behavior of the animal.
At present, I am willing to trade off the reduced depth of the
model {e.g., its inability to account for trial-by-trial variability
in behavior) for its greater generality and ones’ greater under-
standing of its properties. In fact, all of the model’s equations
have closed-form solutions that greatly enhance ones’ under-
standing of its predictions. It is a behavioral, not a cognitive,
connectionist, or neurophysiological model, such as those of
Church and Broadbent (1992) or Grossberg and Schmajuk
(1989), because it emphasizes the role of the behavior of the
animal and its interactions with the environment in the develop-
ment of temporal control. It is dynamic, not static, because it
stresses the equations of motion in time-based schedules; and,
for the most part, it deals with processes occurring in real time,
not in some other epoch.

This article is divided into three parts. The first presents the
basic elements of the model, their interconnection, and their
empirical and theoretical justification. The second compares the
model’s predictions with the empirical results obtained in a
variety of procedures. Even though most data sets come from
steady-state analyses, reflecting a dominant trend in the field, I
also illustrate how the model illuminates some dynamic aspects
of the behavior observed in these procedures. The last part
summarizes the major strengths and weaknesses of the model,
discusses the behavior of its parameters, and contrasts it with
related approaches.

Basic Model: Assumptions and Equations

Figure 1 shows the basic structure of the model. It consists
of three major components, a serial organization of behavioral
states (top circles), a vector of associative links from the behav-
ioral states to the operant response {middle connections), and
the operant response itself {bottom circle}.

Behavioral States

1 assume that, similar to BeT, each time marker, typicaily, but
not always, food or a reliable predictor of food activates a

Time Marker
l Behavioral States |
[ Associative Links I
I Operant Response I
l Response Strength l
Figure 1. Components of the model. A time marker (e.g., food) initi-

ates a spread of activation across the behavioral states. Each state is
associated to some degree with the operant response. The activation of
the states multiplied by their associative links determines the strength
of the operant response.

series of behavioral states. These states embody our concepts
of elicited, induced, adjunctive, interim, and terminai classes of
behavior (Falk, 1971; Killeen & Fetterman, 1988; Matthews &
Lerer, 1987; Staddon, 1977; Staddon & Simmelhag, 1971; Tim-
berlake & Lucas, 1985). To illustrate, when exposed to periodic
presentations of food, pigeons show different types of behavior
during different segments of the interfood interval. Elicited be-
haviors occur immediately after food (e.g., searching for food
in the vicinity of the food hopper or pecking around the floor}).
Interim behaviors occur in the middle of the interval when the
probability of food is low (e.g., moving away from the feeder
and pacing along the side walls of the chamber). Terminal be-
haviors occur in the final segment of the interval (e.g., pacing
along and pecking at the wall where the food hopper is located).
Some authors have emphasized the motivational differences
among the states that follow food. Thus, Timberlake and his
colleagues (e.g., Timberlake, 1994; Timberlake & Silva, 1995)
distinguished general search, focal search, and handling-con-
suming modes, with each mode corresponding to a different set
of stimulus sensitivities, motor patterns, and motor programs.
These authors believe that such phylogenetically evolved modes
underlie the sequential and temporal organization of behavior.
How best to conceptualize the different behaviors observed dur-
ing the interreinforcement intervals remains an unsettled issue,
but for the present approach only the relative invariance of the
serial order of the behavioral states is critical.

The activation of each behavioral state is a time-dependent
variable with the following dynamics:

d%X(:,0>= LK (2,0) (1)

d%X(t,n)= M(t,n-1)-NX(t,n) nz=1, (2)

where X (2, n) is the activation or strength of state n at time ¢,
and X > 0 is a rate parameter that controls how fast the activation
spreads across the states. Time ¢ is measured from the preceding
time marker. The initial conditions for this system of linear
differential equations are
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X(0,0) =1 (3)

X(0,n)y=0, n>0, (4)
which means that immediately after the time marker (ie., t =
0), state (} has maximal strength and all remaining states have
zero strength. Serial processes with different dynamics are obvi-
ously possible, but few would be simpler or more intuitive than
the process described in Equations 1-4.

The following analogy may help to interpret the above equa-
tions. Imagine a cascade of water compartments as depicted in
Figure 2. The compartments, all physically identical and with a
hole at the bortom, are the analogues of the behavioral states.
The amount of water in each compartment represents the degree
of activation of the corresponding state, variable X. The initial
conditions, Equations 3 and 4, state that immediately after the
time marker, the top compartment is full of water and the others
are empty. Behaviorally this means that the time marker elicits
a particular behavioral state, numbered 0 in the preceding equa-
tions, a state that therefore has full strength, whereas all other
states have zero strength.

‘Water can flow only out of the top compartment, hence Equa-
tion 1. For the remaining compartments, water flows both in
and out. The amount of water entering compartment » equals
the amount leaving compartment » — 1, hence Equation 2. Pa-
rameter A\, related to the size of the hole, determines how fast
the water flows across compartments or, behaviorally, how the
wave of activation spreads across states. '

Learned Associations

The learning component of the model describes how the be-
havioral states come to regulate the operant response. Although
learning may proceed differently during each state (e.g., the
associability with food-related items may be greater for states
temporally contiguous with food), my analysis is restricted to a
simpler case, namely, that all states follow the same conditioning
rules. Specifically, [ assume that each state is associated to some
degree with the operant response. The degree or strength of the
association, represented by variable W (¢, n), changes in real
time, decreasing during extinction when food is not available
and increasing during reinforcement when food is available.
However, the amount that W(z, n) changes depends on how

-active the corresponding state is at time r; a weakly active state

The activation of each
state is proportional to
its reserve of water.

Figure 2. Compartmental model to illustrate the dynamics of the be-
havioral states. Each compartment corresponds to a behavioral state,
and its amount of water corresponds to the degree of activation of the
state. Water flows through the comparttents according to Equations
1-4.

changes its associative links much less than a strongly active
one. These considerations translate into the following equations:
during extinction,

d%W(z,n) =—-aX(@,mW(,n (a>0), (5)

during reinforcement,

%W(i‘, n) = BX(Lm)[K - W(t,n)] (8> 0,1=T). (6)

K is a parameter related to the incentive value of the reinforcer,
and in the present study it always equals 1; & and £ are learning
rate parameters, and T is the interval from the preceding time
marker to the onset of reinforcement. Equation 5 states that
during extinction, the associative link between a state and the
operant response decreases to O at a rate proportional to the
current activation of the state. Equation 6 states that during
reinforcement that associative link increases to X, its asymptote,
at a rate proportional to the activation of the state at the morment
the reinforcer was delivered (i.e., T in Equation 6).

Equations 5 and 6 describe one of the oldest, and possibly
the simplest, learning rules psychologists have studied, particu-
larly in the domain of choice behavior (e.g., Estes, 1950;
Horner & Staddon, 1987; Myerson & Miezin, 1980). They are
structurally equivalent to Bush and Mosteller’s (1955} linear
operator model, although with variable coefficients, and, in the
terminology of Restle and Greeno (1970), they are instances
of a replacement model for learning.

There are definite advantages to starting with simple linear
rules of the form of Equations 5 and 6. First, one can understand
better the various properties and predictions of the model. Sec-
ond, linear rules provide convenient standards against which to
compare alternative medels. Much the same has happened in
the domain of choice theory, for example, where the venerable
linear operator model of Bush and Mosteller (1955) has played
the useful role of a null hypothesis in assessing the strength of
new models (see, e.g., Davis, Staddon, Machado, & Palmer,
1993; Lea & Dow, 1984). Third, in the same way that linear
functions provide cenvenient approximations to nonlinear func-
tions, linear learning models may provide useful approximations
to more complex, nonlinear ones.

Response Rule

Finally, the strength of the operant response is obtained by
adding the cueing or discriminative function of all states, that
is, their associative links, each multiplied by the degree of activa-
tion of the corresponding state. In other words, states that are
both strongly active and strongly associated with the operant
response exert more control over that response than do less
active or conditioned states. In quantitative terms, the rate of
the operant response equals

R(H=AY X, mW(t,n) (A>0), (7

n=1

where A, a scale parameter with units 1/5, maps the degree of
temporal regulation given by the term Z,_, X (¢, ;)W (¢, 1),
always less than or equal to 1, onte measurable response rate.
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The summation variable n starts at 1 to force response rate to
start at zero, that is, R(0) = 0.

Equation 7 permits the distinction between arousal states,
variable X, and their influence on operant behavior, variable
W, a distinction also emphasized by Killeen (1994) through
the concepts of activation and coupling, respectively. Given
the muitiplicative cperation between arousal and associative
strengih, it follows that states with associative connections close
to zero (i.e., W = 0), even when strongly active (i.e., high X},
have no influence on the operant response, although they may
control general activity and adjunctive behavior.

In summary, the model assumes that after a time marker, a
set of behavioral states is activated in series. During periods
of extinction, the states lose their association with the operant
response, whereas during reinforcement they increase that asso-
ciation. The strength of the association will therefore come to
embody the animal’s learning history. At any time, response
rate is determined jointly by the profile of the activation of the
states and their associative links with the operant response.

Solution of the Eguations

The differential equations presented above have closed-form
solutions. Thus, Equations 1 to 4 have the solution

exp(—Ary(Ar)”

X(r,n)= p

, (8)

which, up to the multiplicative constant A, is the gamma density
function, the comerstone of BeT (Killeen & Fetterman, 1988).
Figure 3 plots this function. Each curve represents the activation
of a different state (n = 1, 2, . . .) as a function of time,
assuming that a time marker occurred at ¢+ = (). The activation
curves, each with area 1/\, have mean and variance proportional
to n. Because state r is maximally active when ¢ = n/\, as time
passes different states have a chance to control the operant
response. Whether they effectively control the response depends
on their associative strength W.

Activation X(t,n)

0 10 20 30
Time Since Time Marker {r)

Figure 3. Activation of the states X (¢, n) as a function of time since
the time marker. Each curve represents a different state: A = .5. Each
state is maximally active at time ¢ = n/A.

Equations 5 and 6 have solutions
Wiz, n) = W(0, n) exp [—a J- X(r, n)dT] , ()
0

and
W{d,n) =K — (K - W(T, n)) exp [—BX(T, n)d], (10)

respectively. The first shows that during extinction the associa-
tive strength of a state decays by an amount that depends on
the total activation of the state, denoted by the integral in brack-
ets. The second shows that the difference between the associative
strength at the onset of reinforcement, that is, W(T, n), and its
maximum value K is reduced by an amount that depends on the
activation of the state at the time of reinforcement, X (T, n),
and the duration of reinforcement, 4 (in what follows, d is
always set at 3 s).

Before comparing the model with experimental data, 1 will
show how it solves the basic problem of credit assignment in
time-based schedules, that is, how time eventually controls the
behavior of the animal. The explanation also reveals the funda-
mental bnilding block of the model, one from which all of the
remaining properties follow. Figure 4 shows the details.

Credit-Assignment Problem

Suppose that a time marker, presented at Time 0, is followed
by 30 s of extinction and then by 3 s of reinforcement. In
addition, assume that initially all associative strengths are equal
to .8, an arbitrary value chosen for illustrative purposes. Figure
4 shows snapshots of the model at Times ¢ = 0 (top panels), r
= 30 (middle panels), and 7 = 33 (bottom panels). In agree-
ment with Equations 3 and 4, the top left panel shows that state
0 has an initial activation of 1 and that all other states have 0
activation. The horizontal line in the right panel represents the
assumption that all associations are initially equal. Because no
reinforcer occurs during the next 30 s, Equation @ applies and
W (0, n) decays in proportion to the total activation of state n.
The left middle panel plots the total activation of each state at
Time r = 30,

30
j X(7,n)dr,

0

whereas the corresponding W (30, ») values are plotted in the
right panel. The earlier states, the most active during the extinc-
tion period, lose more associative strength than the later states.
Finally, reinforcement occurs for 3 s and, therefore, Equation 10
applies. The activation of the states at the onset of reinforcement,
X (30, n), is represented in the left bottom panel. Given the
(arbitrary) value of A = .5, states 14, 15, and their neighbors
are the most active and, consequently, their associative links
increase the most. The right bottom panel shows the vector of
associative strengths at the end of reinforcement, W (33, #). By
comparing the initial and the final distributions of W (top right
vs. bottom right), one can see that the states that were more
active when food occurred received more credit for the occur-
rence of food than did the earlier states. As a consequence,
they come to exert more control over the operant response.
Furthermore, because different states are maximally active at
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Figure 4. Solving the credit-assignment problem. Top: initial conditions for both the activation of the
states (left) and the strength of their association with the operant response (right). Middle: After 30 s of
extinction, the strength of the associative links decreased (right) as a function of the integral of the activation
of the states (left). Bottom: After 3 s of reinforcement, the associative links increase (right) in proportion
to the activation of the states at the onset of reinforcement (left). The most active states receive more credit

for the occurrence of reinforcement.

different times since the time marker (see Figure 3), the operant
response coatrolled by them comes to exhibit specific temporal
regularities.

Validating the Model
Fixed-Interval Schedules

The simplest environment in which behavior shows temporal
properties is possibly the fixed-interval (FI) schedule of rein-
forcement. In a FI schedule of T seconds, FI-T s for short, a
reinforcer follows the first operant response emitted at least T
seconds after the previous reinforcer Typically, at the steady
state the animal pauses immediately after the reinforcer and then
responds at a constant or slightly increasing rate until the next
reinforcer (Ferster & Skinnet, 1957; Schneider, 1969, Skinner,
1938). The average response rate in successive segments of the
interval geperally follows a monotonically increasing, sigmoid-
like curve. Figure 3, replotted from Killeen, Hanson, and Os-
borne (1978), shows representative examples for pigeons re-
sponding on FIs of 30, 100, and 300 s (circles).

Predictions of the model.  To derive the model’s predictions
for FI schedules, T first obtained the steady-state distribution of
W and then assumed that W does not change appreciably for

the duration of a single trial. This assumption is reasonable
whenever the learning parameters « and 5 are small, a condition
I imposed whenever 1 fit data obtained after prolonged training
and sometimes relaxed to explain dynamic effects.

The steady-state distribution of W, derived in Appendix A,
equals

X(T, n)
T

X{(T,n) + y.r X{r, n)dr
[}

W(n) = , (11)

where y = a/f3d and X (¢, n) is given by Equation 8. The W (n)
values depend only on the ratio of the extinction and the reward
parameters, 7y, henceforth referred to as the learning parameter
(by a change of variable, one can eliminate d, reinforcement
duration, always equal to 3 s here). By assuming relatively
small values for « and £, the number of free parameters is
reduced by one.

The response rate across the interval is given by Equation 7,
with W(n) given by Equalion 11. Thal is,

XTI, n) X X(1, n),
f X(r, n)d7

0

RH=4%
n=t X(T, n) + ¥

(12)
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Figure 5. Filled circles: Average response rate of three pigeons in three
different fixed-interval (Fl) schedules. Curves: predictions of the model
with the parameters shown in Table 1. Adapted from °‘Arousal: lis
Genesis and Manifestation as Response Rate,”’ by P. R. Killeen, 5. J.
Hanson, and S. R. Osborne, 1978, Psychological Review, 85, p. 574.
Copyright 1978 by the American Psychological Association. Adapted
with permission of the author.

where A is the scale factor, the fraction is the total associative
strength of the states, and the last term gives the activation—
arousal of the states at time ¢.

The solid lines in Figure 5 show the fit of the model to Killeen
et al’s (1978) data set, and Table 1 shows the parameters used
and the variance accounted for (w?) by the model. For reasons
to be discussed shortly, instead of A and -y Table 1 reports the
dimensionless quantities A* = AT and y* = yT. Appendix E
gives details on the algorithm followed to estimate the
parameters.

The model fits the data well. As the FI increased from 30 s
to 100 s, the rate and learning parameters remained roughly
constant. During the largest FI, A* decreased by one order of
magnitude, whereas y* increased slightly. The disproportionate
decrease in A* when T = 300 s reflects the relative loss of
temporal control evidenced by the early rise of the bottom re-

Table 1
Parameters Used to Fit the Data Shown in Figures 5 and 6
Study/condition AT ¥T A w’
Killeen et al. {1978)
F1 30 21.36 381 87.1 997
FI 160 20.30 .286 75.0 998
F1 300 7.80 954 728 959
Dews (1970)
F1 30 7.95 648 - 997
F1 300 7.95 .648 - 994
FI 3000 7.95 .648 - 993

Note. FI = fixed interval; A = rate of transition across the behavioral
states; T = duration of interval; ¥ = relative effects of extinction; A =
scale factor; w® = variance accounted for.

sponse rate curve. The scale parameter A did not change appreci-
ably across conditions,

Static models have emphasized one important quantitative
property of FI performance. When average response rate along
the interval is plotted with both axes normalized, the curves for
the same animal during different FI schedules sometimes over-
lap. Figure 6 from Dews (1970) illustrates this superposition
or scalar property of Fl performance for intervals ranging from
30 s to 3,000 s.

According to the present model, the response curves for dif-
ferent Fls overlap only if A and -y remain inversely proportional
to the interreinforcement interval. That is, if AT = k; and 7T =
k;, where k, and %, are constants, response rate at Time ¢ will
depend only on the ratio /T (see Appendix A for a proof). For

2 10

&3 Dews (1970)
ERYE
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-

&

Q04 -

[~

L
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g 02 - 0 300s
% A 3,000 s
& 00 -
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Figure 6. Symbols: relative response rate as a functien of relative time
into the interval for three different fixed-interval (FI) schedules. Curve:
prediction of the model when both the rate and the learning patameters
are inversely proportional to the FI value. Parameters in Table 1. Adapted
from ‘‘The Theory of Reinforcement Schedules,” by P. B. Dews, 1970,
in W. N. Schoenteld, The Theory of Reinforcement Schedules (p. 48),
New York: Appleton & Lange. Copyright 1970 by Appleton & Lange.
Adupted with permission.
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this reason, I always report the parameters of the model in terms
of the quantities A* and y*. The selid curve in Figure 6 illus-
trates the fit of the model to Dews’s (1970) data, and Table 1
gives the corresponding parameters. As the w? values show, the
model fit the data well. (Notice that the superposition property
holds for the top two curves in Figure 5 but not for the bottom
one, a fact that explains why A* decreased significantly at the
largest F1.)

Dynamic analysis. A dynamic model is most useful when
researchers focus attention on the transient phases of learning.
Typical questions concerning those phases are ‘‘In an FI sched-
ule, what is the behavioral trajectory followed by the animal
before it reaches the steady state?’’; **What is performance like
during the early stages of extinction following FI training?’’;
and ‘*Under what conditiens is temporal regulation a fast-acting
process?”’

The behavior of the model during the early moments of expo-
sure to an FI schedule depends on the initial distribution of
W (n), which in turn depends on the history of the animal (e.g.,
the type and amount of its previous training). Consider the
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simple case in which an animal is exposed only briefly to contin-
nous reinforcement. A reasonable guess for W (n) at the begin-
ning of FI training is that only the first few states are associated
with the operant response. To derive specific predictions, [ there-
fore assumed that the first four states were maximally condi-
tioned, whereas subsequent states had exponentially decaying
associative values. Figure 7 shows the development of typical
performance in an FI 120-s schedule. The left panel plots re-
sponse rate across the interval, and the right panel shows corre-
sponding cumulative records. Figure 7 shows four distinct stages
of training. On the first stage, corresponding to Trial 1, response
rate increases rapidly after reinforcement and then decays to
Zero; in the cumulative record, one can see an inverted scallop.
After 65 trials, the second stage, response rate rises and then
remains roughly constant until the end of the interval; in the
cumulative record, this profile generates a straight line. After
200 trials, the third stage, response rate does not increase as
much immediately after reinforcement, and the cumulative re-
cord shows a slight scallop. At the steady state, the fourth stage,
the scallop is clearly developed. This sequence of response pro-

1.0 - ) g L 65 E 200 : Final ,
2 S : :
= g ; : s E
D IR
: 1
o 5 A
0.0 |} T I 1 1 ; i :I :I
0 30 60 90 120 Time in Segments of 120 s
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Ferster & Skinner (1957)
A
B

150 R's
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Figure 7. Development of typical fixed-interval (FI) performance. Top left: response rate across a 120-s
FI schedule during Trials 1, 65, and 200 and at the steady state. Top right: corresponding cumulative records.
Parameters are A = .1, @ = .001, 8 = 05, and A = 1. Bottom left: cumulative records of one pigeon during
the first session of a 120-s FI schedule. The initial inverted scallops change into linear curves. Bottom right:
cumulative records of the same bird during the second (at A), fourth (at B), and sixth (at C) sessions.
The linear curves at A are replaced by slight scallops at B and full scallops at C. Adapted from Schedules
of Reinforcement (pp. 137 and 144} by C. Ferster and B. F. Skinner, 1957, New York: Appleton & Lange.
Copyright 1957 by Appleton & Lange. Adapted with permission.
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- files reproduces the characteristic stages of FI acquisition in
pigeons, as reported by Ferster and Skinner (1957). The bottom
panel of Figure 7 provides an example. The cumulative corves
on the left show the transition from continuous reinforcement
to a 120-s FI schedule, and the right curves show the behavior
of the same pigeon during Sessions 2, 4, and 6 (A, B, and C,
respectively). The initial, inverted scallops (see the first two
segments on the left) are followed by straight lines {see last
segment on the left and segment A on the right), then by slight
scallops (segment B on the right) and finally by well-marked
scallops (at C). This pattern of effects agrees with the four
phases predicted by the model.

Now consider extinction. If an animal on an FI schedule had
leamed only the time to reinforcement, 7', then its response rate
should decrease when the time since the last reinforcer exceeds
T. However, after prolonged exposure to an FI schedule, re-
sponse rate in extinction does not decrease for a long time (e.g.,
Ferster & Skinner, 1957). The present model predicts this result
because, as demonstrated in Appendix A, the steady-state values
of W(n) increase monotonically with n. Hence, when later
states become active in extinction, their strong associative links
maintain a high respense rate. In addition, if for whatever reason
the cascade of behavioral states is reset to its initial conditions,
Equations 3 and 4, the model predicts another scallop when
responding resumes, although with a lower terminal rate, which
apain agrees with Ferster and Skinner’s description: **The most
obvious interpretation [of extinction following FI training] is
that the interval performance follows whenever the bird has been
pausing for any length of time™ (p. 197).

Under some conditions, pigeons adjust quickly to changes in
interreinforcement intervals. For example, Higa, Wynne, and
Staddon (1991) exposed pigeons to 100 Fls, 99 of which were
15 s long, and one that was 5 s long. The short, or impulse,
interval occurred unpredictably in the session. The authors found
that 3 birds had reliably shorter postfood pauses just in the 15-
s interval after the short impulse; 1 bird also paused less after
the impulse, but took a few more trials to recover its baseline
pause duration. Unfortunately, Higa et al. did not report average
rate data, but the following reasoning shows how the present
model can accommodate their findings. Figure 8 presents the
details.

The dotted lines in the top panels show response rate curves
during the 15-s interval preceding the impulse. The remaining
curves show response rate during the 15-s intervals after the
impulse, with the leftmost, fastest growing curve (labeled 1 in
the graphs) corresponding to the interval immediately after the
impulse. On the left panel, the extinction parameter is relatively
large (@ = .6), and therefore the rate curve returns quickly o
its baseline value (the curve for the third postimpulse interval
is indistinguishable from the baseline dotted curve and for that
reason is not presented). On the right, o is smaller and the
return to baseline takes longer. If we assume that the duration
of the pause is proportional to some value of response strength
(say .25, the horizontal lines in Figure 8), then the model pre-
dicts the observed pattern of pauses.’ As the bottom panel shows,
when a is large, the pause returns to its baseline value in one
or two trials (filled circles); when « is small, the pause takes
longer to recover (empty circles).

The effects displayed ia Figure 8 depend on the magnitude
of a and £ and the level of arousal at the end of the short
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Figure 5. Predictions of the model for Higa et al’s (1991) impulse
experiment. Top: response strength during the last 15-s interval preceding
the 5-s impulse (dotted line) and during the 15-s intervals following the
impulse (solid lines). The extinction parameter « is larger on the left,
and therefore, response strength retums quickly to its baseline. Bottom:
If the pause is proportional to a specific value of response strength {e.g.,
.25, horizontal lines in top panels ), then the pause during the postimpulse
intervals recovers quickly for large, and slowly for small, .

interval.> As can be seen from the equations that govern the
magnitude of the changes within an interval, Equations 5 and
6, if @ and § are very small or if the states are weakly active,
then the effects of the shorter interval will be greatly reduced.
These two conditions are likely to occur after long impuise
intervals, and therefore, I predict that Higa et al.’s (1991) find-
ings will not hold at large Fls.

Peuk Procedure

Another procedure commonly used to study temporal regula-
tion is the peak procedure (Catania, 1970). In its simplest ver-
sion, two types of trials occur in random order. All of the trials
begin with the onset of a stimulus (e.g., a keylight). On food
trials, the first response after a fixed interval of time (7, s) is
rewarded; on empty trials, the stimulus remains on for a longer
period of time (T, s), at the end of which the stimulus is simply
turned off and no food is delivered. The experimenter analyzes
the behavior of the animal during the empty trials.

After prolonged training, response rate increases from the

! The same argument coupled with the assumption that A* and y*
remain constant predicts a linear relation between the duration of the
postreinforcement pause and the FI value.

* The role of (high) arousal in engendering the dynamic effects re-
ported by Higa et al. (1991) has not escaped the authors’ attention:
*‘Because temporal discrimination is itself so poorly understood —we
really have no idea of the processes that allow it to occur-—we cannot be
sure that arousal and temporal discrimination do not involve overlapping
processes’” (p. 288).
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beginning of the empty trial to the moment when food is primed
on food trials and then decreases, sometimes with a positive
skew. The top left panel in Figure 9, replotted from Catania
(1970), illustrates these findings with pigeons. In this experi-
ment, food and empty trials were 10 s and 48 s long, respectively.
In one condition (filled circles) 90% of the trials were food
trials (p = .9); in another condition (empty circles), only 10%
of the trials ended with food (p = .1). As expected, overall
response rate decreased when fewer trials were reinforced, but
the peak of maximum responding remained ciose to the time
when food was primed on food trials (10 s). In the condition
p = .9, the peak occurred slightly before 10 s, though.

Roberts (1981) replicated Catania’s (1970} experiment and
obtained the results displayed in the top right panel of Figure
9. In this experiment, rats experienced a mix of 80% food trials
and 20% empty trials in the presence of one cue (e.g., tone;
filled circles), but the opposite mix in the presence of a different
cue ( light; empty circles). Food trials were 20 s long, and empty
trials averaged 160 s. As before, despite substantial changes in
the peak rate of responding, the peak time, around 20 s, did not
change significantly.

It is noteworthy that in both Catania’s (1970) and Roberts’s
(1981) studies, the empirical curves obtained with the low p

160

120 Catania (1970} Roberts (1981)

ep=9 ep=38

op=1 op=2

Responses/min
oo
[~}

0 10 20 30 4 50 0 20 40 60 80

100 Roberts et al. (1989) 60 .

Roberts (1981}

Responses/min
B8 EE ZE

gt stonggey tugnt

A N -
0 30 60 909 0 2
Time in Interval (s)

40 60 80
Time in Interval (5)

Figure 9. Symbols: data from the peak procedure. In the wop panels,
the probability p of food trials varied across conditions; in the bottom
panels, lwo cues signaled different intervals to food, T. Curves: predic-
tions of the model with the parameters shown in Table 2. Adapted from
“‘Reinforcement Schedules and the Psychophysical Judgments: A Study
of Some Temporal Properties of Behavior,” by A. C. Catania, 1970, in
W. N. Scheenfeld, The Theory of Reinforcement Schedules (p. 11), New
York: Appleton & Lange. Copyright 1970 by Appleton & Lange. Adapted
with permission, Adapted from *‘Isolation of an Internal Clock,” by S.
Roberts, 1981, Journal of Experimental Psychology: Animal Behavior
Processes, 7, p. 245. Copyright 1981 by the American Psychological
Association. Adapted with permission of the author. Adapted from **“Tim-
ing Light and Tone Signals in Pigeons,’’ by W. A. Roberts, K. Cheng,
and J. S. Cohen, 1989, Jowrnal of Experimental Psychology: Animal
Behavior Processes, 15, p. 27. Copyright 1989 by the American Psycho-
logical Association. Adapted wilh permission of the author.

values are not simple scale transforms of the curves for the high
p values. In fact, after scaling the curves along the y-axis, one
observes that the low-p curves are wider than the high-p curves,
a result that suggests that more than simple changes in overall
response rate may be involved.

The bottom panels of Figure 9 illustrate that peak time can
change without affecting peak rate substantially. In both experi-
ments, two cues signaled different times to food on food trials,
15 s and 30 s on the left panel (from Roberts, Cheng, & Cohen,
1989), and 20 s and 40 s on the right panel (from Roberts,
1981). Average response rate in the presence of one cue in-
creased with time into the trial, peaked close to the expected
time of food in the presence of that cue, and decreased thereafter.
It is interesting that the rate curve from Roberts et al’s study,
condition T, = 30 s, increases again at the end of the empty
trial. I will return to this finding in the section on Dynamic
Analysis.

These four sets of results show that pigeons and rats can leamn
to regulate their behavior on the basis of intervals of time, that
this learning is resistant to changes in motivational variables
because peak rate can vary without changing peak time, and
that temporal regulation can be placed under stinmlus contrel
because different peak times can be controlled by different cues.

Predictions of the model. The steady-state distribution of
W (n) in a peak procedure is approximately equal to

Win) =
X(T\, n)
Tr'1 l_ 1‘2 ’
X(Tl,?l)"'}’f X(r,n)dr + vy ppf X(r, ndr
0 0
(13)

where T, and T, ate the durations of food and empty trials,
respectively, and p is the proportion of food trials. Appendix B
may be consulted for a derivation of Equation 13 and for a study
of the roles of the parameters A and y. Response rate is obtained
from Equation 7, with the vaiues of W coming from Equa-
tion 13.

The solid lines in Figure 9 illustrate the fit of the model to
the four data sets from the peak procedure, and Table 2 gives
the corresponding parameters. Consider Catania’s (1970) data.
When p = .1, the model accounted for the data well. However,
when p = .9, the predicted curve {not shown) peaked close to
10 s, the time when food was effectively primed on food trials,
but clearly to the right of the data points, centered around 7 s.
One way to interpret the observed anticipation of the moment
of food is to assume that the time required to initiate the activa-
tion of the behavioral states after the time marker (Equations 1
and 2) is necessarily positive, whereas so far, [ have assumed
it to be zero. If this assuniption is correct, then the effective
duration of a food trial (i.e., the interval from the beginning of
the serial process to food) could be less than 10 s. I therefore
assumed an average effective interval of 7 s. The new prediction
of the model, the solid line through the filled circles, fit the data
well.

The model aiso fit well Roberts’s (1981) replication of Ca-
tania's (1970) study (see curves on top right panel of Figure
9). The first four rows of Table 2 show that when reinforcement
rate decreased in both Catania’s and Roberts’s studies, the rate
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Table 2
Parameters Used to Fit the Data Shown in Figure 9
Study Condition T AT, yTi A w?
Catania (1970) p=29 7 12.95 5.56 x 107 140.0 992
pr="1 10 6.97 9.74 x 107 63.3 .980
Roberts (1981) p=23 20 21.40 2.76 x 107! 63.9 976
p=.2 20 5.00 3.96 x 107! 64.0 951
Roberts (1981) p=.8 20 16.80 1.75 x 10! 62.6 932
p=.28 am 19.24 3.23 x 107" 65.7 970
Roberts et al. (1989) p=.75 13* 10.66 592 x 107 148 976
p=.75 26" 10.14 1.82 x 107! 165 .993

Note. T, = duration of the shorter interval; h = rate of transition across the behavioral states; y = relative
effects of extinction; A = scale factor; w? = variance accounted for; p = reinforcement probability at the

end of the shorter interval.

* Duration of food intervals slightly smaller than the real value.

parameter A* decreased but the learning parameter y* did not
change appreciably. However, in Catania’s study, parameter A
decreased markedly with reinforcement rate, whereas in Rob-
erts’s study, A remained unchanged. It is interesting that a similar
behavioral output, the substantial change in response rate across
conditions, was achieved by different sets of parameter changes.

The predictions of the model for the experiments in which
two cues signaled different times to food are the curves in the
bottom panels of Figore 9. On the right panel and for T, = 20
s, the model fit the data well. However, int all other cases, the
model predicted a response curve (not shown) to the right of
the observed data points, a deviation analogous to that observed
for Catanja’s {1970) data. As before, the fit improved substan-
tially when I assumed a duration of food trials slightly smaller
than the real value (see Footnote a in Table 2, column T). The
parameter values for these experiments did not change apprecia-
bly across conditions, except the scale factor A in Roberts et
al’s (1989) experiment that decreased in the presence of the
cue associated with the larger interfood interval.

Dynamic analysis. A peak procedure with food trials 7, s
long is closely related to a T,-s FI schedule, and this fact is
revealed in the present model by the similarity of the corre-
sponding steady-state equations for W{n), Equations 11 and
13. The only difference between the two equations is the
rightmost term in the denominator of Equation 13. When the
proportion p of food trials equals 1, the peak procedure reduces
to an FI — T, s schedule and Equation 13 simplifies to Equation
11, as it should. The similarities and differences between the
two equations are further illustrated in Figure 10. The top panel
plots the steady-state values of W in an FI schedule and in a
comparable peak procedure. In the Fl schedule, the associative
values increase monotonically with the state number, but in the
peak procedure, they increase to a maximum and then decrease
to zero. This difference in the behavior of W happens because
in the peak procedure the later states become active during the
long periods of extinction, the empty trials, and therefore they
lose more associative strength than they gain during reinforce-
ment {Appendix B provides a procof of this statement). In the
FI schedule, later states have no opportunity to lose their associ-
ation, which gradually increases to 1. Furthermore, given that
the initial states have similar associative values in the FI and in
the peak procedure, the model predicts similar response rate
curves up to the moment when food is primed (ie., 2 = T, s).

The bottomn panel in Figure 10 illustrates this prediction. Al-
though the curve for Fl schedules stays high if we allow the
trial to continue past the usual reinforcement time, the curve
for the peak procedure decreases in a slightly asymmetrical
fashion.

The preceding analysis helps one to understand the tail of the
response rate curve observed in the bottom left panel of Figure
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Figure 10. Comparing the predictions of the model for simple fixed-
interval ( FI) schedules and for the peak procedure. Top: distribution of
assoctative values in a 20-s FI schedule and in a peak procedure with
20-s food trials, 160-s empty trials, and a .8 probability of a food trial.
Associative strength increases monotonically with # in the FI schedule,
but is bitonic in the peak procedure. Bottom: response rate for the two
schedules. Whereas responding in the FI remains high after the usual time
of reinforcement, it decreases with some skew in the peak procedure.
Parameters: A = .5,y = 003, A = 1,
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8 (empty circles). This resuit, obtained also in other studies
with the peak procedure (e.g., Cheng & Roberts, 1991), can be
predicted by the present model if we take into account the
experimental history of Roberts et al’s (1989) birds. Initially,
the pigeons experienced an FI 30-s schedule in the presence of
one cue. Next, during the peak procedure, the same cue signaled
either a 30-s food or a 90-s empty ftrial. The peak procedure
was run for 25 sessions of 24 trials each (another 24 trials
involved the cue associated with the 15-s food trials and are
not discussed here ). Hence, the birds experienced a total of 600
(24 X 25) trials, a number that may have been insufficient to
attain the new steady state. If behavior is not at the steady state,
then response rate should increase twice on empty trials becanse
the later states did not lose completely the association they
gained during the FI training. To check the preceding account,
I derived the predictions of the model after 600 trials, with the
assumption that the behavioral states were fully conditioned at
the end of the FI schedule {see Appendix B for details). As the
solid curve through the empty circles shows (see left bottom
panel of Figure 9), the model accounted well for the response
rate profile. If one assumes that the steady state has been
reached, the predicted response curve remains the same up to 70
s into the trial, but thereafter decays to zero instead of increasing.
Finally, by following the same steps that led to the derivation
of Dews’s (1970) results (see Figure 6 and Appendix A), one
can also show that response curves obtained with different food
trial durations will superpose when plotted in relative time only
it A and y remain inversely proportional to the duration of the
food trials.* In other words, both in the FI schedule and in
the peak procedure, the scalar property requires proportionately
slower transitions across behavioral states and smaller relative
effects of extinction as reinforcers become less frequent.

Timing Two Intervals

Some experiments show that animals can also track two inter-
vals of time in the absence of external cues. For example, Catania
and Reynolds (1968) presented pigeons with two FI schedules
in mixed order. After each reward, the programing apparatus
decided whether the next FI would be T ar T, s long (T; < 7).
The anthors varied the length of the short interval, T, and its
relative frequency, p, across conditions and measured the average
resporse rale in successive segments of the long interval.

Figure 11 shows the effect on the behavior of a single bird of
varying T, while keeping p constant at .05. From the top to the
bottom panel, T, equaled 30, 90, 150, 210, and 240 s (see left
asterisks in Figure 11); T, was always 240 s (right asterisks).
In the bottom panel, T, = T,, and therefore the schedule is
equivalent to a simple FI 240-s schedule. Three features of the
data are worth noting: As T, increases, responding starts later in
the interval; response rate at 7', s is always lower than the terminal
rate at 240 s; and when the short interval is 30 s long (top panel),
response rate clearly shows two peaks, centered at T, and 7,
which means that pigeons are capable of learning more than one
interfood interval and regulate their behavior appropriately.

Figure 12 shows the results for another bird, but here the
probability of the shert interval equaled .5. From top to bottom,
T, = 30,90, 210, and 240 s. Results illustrate the same features
mentioned above, except that when 7', equaled 30 s or 90 s,
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Figure 11. Circles: response rate of one pigeon in mixed fixed-inter-
val—fixed-interval (Mixed FI-FI) schedules. The asterisks indicate the
duration of the two Fls. The shorter FI occurred with probability p =
.03. The bottomn panel is equivalent to a simple 240-s FIL. Curves: predic-
tion of the model with the parameters shown in Table 3. Adapted from
‘A Quantitative Analysis of the Responding Maintained by Interval
Schedules of Reinforcement,”” by A.C. Catania and G. §. Reynolds,
1968, Journal of the Experimental Analysis of Behavior, 1I, p. 360,
Copyright 1968 by the Society of the Experimental Analysis of Behavior,
Inc¢. Adapted with permission.

response rate around T, s was equal to, or slightly greater than,
the terminal response rate.

Figure 13 allows a direct comparison of both types of manipu-
lation, a change in either the relative frequency or the duration
of the short interval. In the top panel, p varies while 7, remains
constant at 30 s; in the bottom panel, T, varies while p remains

* Strictly speaking, the scalar property also requires that the duration
of the empty trials be a constant multiple of the duration of food trials.
However, when empty trials are much longer than food trials (as is
typically the case), this requirement becomes irrelevant for practical
purposes because it affects only the far right tail of the curves, where
not much responding is observed.
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Figure 12. Circles: response rate of one pigeon in mixed fixed-inter-
val-fixed-interval (Mixed FI-FI) schedules. The asterisks indicate the
duration of the two Fls. The shorter FI occurred with probability p =
5. Curves: prediction of the model with the parameters shown in Table
3. Adapted from ‘*A Quantitative Analysis of the Responding Maintained
by Imterval Schedules of Reinforcement,” by A. C. Catania and G. §.
Reynolds, 1968, Joeurnal of the Experimental Analysis of Behavior, 11,
p. 361. Copyright 1968 by the Society of the Experimental Analysis of
Behavior, Inc. Reproduced with permission.

constant at .05. The filled circles are equivalent to an FI 240-s
schedule. The data show that increasing the relative frequency
of the short interval or decreasing its length produced earlier
onsets of responding.

Predictions of the model. The steady-state distribution of
W (n)in a mixed F1 T,-s—FI 7»-5 schedule is derived in Appen-
dix C and equals

W(n} = [pX(T,,n) + (1 - p)X(T2. m})/

7

[pIX(T\,n)+ vy f X (71, n)dT]
4]

+ (1 - p)[X (T2, n) + VJ'U?X(T, n)dr]} (14)

Notice the symmetry of the equation: The terms multiplied
by p and 1 — p correspond to the equations for FIs T; and T,
s long, respectively. Hence, when p = 0 or 1, the mixed FI-FI
schedule reduces to a simple FI schedule, and Equation 14
reduces to Equation 11, as it should. Response rate is obtained
from Equation 7, with the W values given by Equation 14.

The solid lines in Figures 11, 12, and 13 show the fit of the
model to Catania and Reynolds’s (1968) data, and Table 3
shows the corresponding parameters and w? values. Because
there were two interfood intervals, I nsed the average time 1o
food {(7) to calculate A* and y*. In Figure 11, the rate of
reinfercement did not change appreciably and A* and A re-
mained approximately constant (Table 3, Bird 34). With one
exception, parameter y* tended to increase with T,. The w?
values indicate that the model fits the data well when p is small.

In Figure 12, reinforcement rate varied more substantially
(see Table 3, Bird 86), but the rate parameter A* changed only
in the last condition when the degree of temporal control was
clearly reduced (compare the initial segments of the response
rate curves for conditions T, = 150 and T, = 240). The variation
of v* was similar to the preceding case—as the intervals be-
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Figure 13. Symbols: response rate of one pigeon in mixed fixed-inter-
val-fixed-interval {Mixed FI-FI) schedules. Top: The duration of the
short FI, Ty, was 30 s and it occurred with probabilities .5, .03, and 0.
Bottom: The short F1 was 30-, 150-, and 240-s long and occurred with
probability .05. Curves: prediction of the model with parameters shown
in Table 3. Adapted from °*'A Quantitative Analysis of the Responding
Maintained by Interval Schedules of Reinforcement,” by A. C. Catania
and G.S. Reynolds, 1968, Journal of the Experimental Analysis of
Behavior, 11, p. 361. Copyright 1968 by the Society of the Experimental
Analysis of Behavior, Inc. Adapted with permission.
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Table 3
Parameters Used to Fit Catania and Reynold’s (1968) Data
(See Figures 11, 12, and 13)

T, P Rfthr AT yT A w?
Pigeon 34
30 05 15.69 19.28 1.41 x 107! 42.0 958
90 .05 15.48 19.76 472 X 1072 43.1 977
150 .05 15.29 17.90 2.18 x 107! 54.3 998
210 .05 15.09 20.27 3.46 x 107" 48.7 994
240 .05 15.00 20.40 1.76 79.7 989
Pigeon 86
30 5 26.67 11.21 117 x 10! 58.4 898
90 3 21.82 13.20 639 x 1072 384 .880
210 .5 16.00 14.40 4.68 x 107! 44.3 994
240 5 15.00 6.72 1.37 64.0 D89
Pigeon 85
30 S 26.82 14.58 1.76 x 10°* 49.5 .840
30 05 15.69 8.49 1.04 x 107! 44.7 .989
150 05 15.48 9.18 2,66 x 107! 42.9 996
240 05 15.00 3.40 2.40 77.1 992

Naote. T, = duration of the shorter interval; T = average interreinforce-
ment interval; p = reinforcement probability at the end of the shorter
interval; Rft/hr = observed reinforcement rate per hour; A = rate of
transition across the behavioral states; y = relative effects of extinction.
A = gcale factor; w® = variance accounted for.

came more similar or, equivalently, as the variance of the in-
terfood intervals decreased, the relative effects of extinction
increased. Again, A did not change appreciably with T,.

The preceding interpretation of the parameters must be taken
with some reservation because, as the w? values indicate, the fit
of the model was not very good for the conditions T, = 30 and

T, = 90. In the latter condition, the data themselves are noisy -

(see horizontal segment of the curve), but the same reason
cannot explain the relatively poor fit in condition 7, = 30. I
will return to this problem shortly.

In Figure 13, A* decreased disproportionately when the over-
all reinforcement rate decreased (cf, first two rows of Bird 83,
Table 3) but then remained constant, whereas y* increased as
the variance of the interfood intervals decreased. Parameter A
did not change appreciably across conditions. From the w? val-
ues, one can see that the fit was good when p = .05 but was
not as good when p = .5, because in addition to the noise in
the data, the observed and predicted curves are slightly out of
phase.

In summary, the model fit the data well when the probability
of the short interval was low. When that probability was high,
however, the model (a) could not generate a response rate at T,
s greater than the terminal rate, and (b) predicted a profile of
response rate across the interval slightly out of phase with the
profile of the bird’s data. No combination of parameter values
can correct these errors because, as I explain next, they stem
from the basic serial structure of the model.

Dynamic analysis. According to the present model, the pro-
cedure with two distinct FIs presented in random order is analo-
gous to the combination of two other procedures.! To see this,
consider one of the late behavioral states (roughly, state =, with

n of order \T;). When the reinforcer occurs at the end of the
short FI, this state is not strongly active and therefore its associa-
tive strength changes little. However, when the reinforcer comes
after the long FI, this state will be active and its association
with the operant response will increase. Thus, for later states,
the procedure is similar to a simple FI T, s schedule. Consider
now an early state, one that is mostly active at the end of the
short FI (roughly, state n, with n of order AT,). For this state,
the procedure is analogous to the peak procedure, with the long
Fls playing the role of empty trials; when the reinforcer happens
at the end of a long FL this early state is weakly active and
so its associative strength does not increase appreciably. I the
preceding analysis is correct, performance during a mixed FI-
T,-s—FI-T>-s schedule should be derivable from the predictions
of the model for a simple FI-T, s long and a peak procedure
with food trials T, s and empty trials T, s long. Figure 14 shows
that this is indeed the case.

The top panel reproduces the data of Bird 34 in Catania and
Reynolds’s (1968) study, condition T, = 30, T, = 240, and p
= .05. It also shows three theoretical curves: the curve for the
mixed FI-FI schedule, the curve for a simple FI 240-s schedule,
and the curve for a peak procedure with food trials 30 s long,
empty trials 240 s Jong, and a proportion of food trials equal
to .05. All of the curves used the parameters from the first row
of Table 3. The bottom panel shows the same curves when the
short interval is more frequent (p = .5), the case that the model
could not fit adequately. The parameters were arbitrarily set at
A=05y=000l,and A = 1.

Initially, when the early states control behavior, the curves
for the mixed schedule follow closely the curves for the peak
procedure; later, when subsequent states exert greater control,
they approach the curves for the simple FI schedules. To under-
stand the interrelation of the three curves in Figure i4, notice
that, for small #, X (T,, ») in Equation 14 is not only close to
zero but is also much smaller than the remaining terms; setting
X (T, n) = 0 yields the equation for the peak procedure, Equa-
tion 13. Conversely, for large values of n, all terms involving
X (T, n) are much smaller in magnitude than the terms involv-
ing X (T, n); eliminating them yields the equation for an FI-
T, s, Equation 11.

From the preceding analysis, two important consequences
follow. First, given that later states are always more conditioned
than earlier states in FI schedules (see Figure 10, top panel),
response rate is always maximal at the end of the trial. This
finding explains the model’s first difficulty, to predict cases in
which response rate is higher at 7', s than at 7> 5. Second, the
dip of the curve for the mixed schedule, a local minimum of
response rate, is close to the point at which the curves for the
peak procedure and the simple FI schedule intersect (see Figure
14). When p = ', this point is basically invariant to changes
in either the learning parameter y or the rate parameter h. Al-
though each of these parameters changes the shape of the two
component curves, the changes are in opposite directions and
therefore cancel each other. For example, increasing A narrows

* Catania and Reynolds (1968) concluded that performance in mixed
FI-FI schedules is a combination of performance under two separate
FIs with corresponding values. The analysis that follows shows that this
conclusion is incorrect.
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Figure 14. Derivation of the curve for a mixed fixed-interval (30 s)—
fixed-interval (240 s) schedule (Mixed FI-FI), with p = .05 (top) and
p = .5 (bottom), from the curves for a simple FI 240 s and a peak
procedure with food trials 30 s long, empty trials 240 s long, and the
same p values. Parameter values are A = 084, ¥ = 000617, A = 42
(top), and A = .05, y = .0033, A = 1 (bottom). Adapted from “‘A
Quantitative Analysis of the Responding Maintained by Interval Sched-
ules of Reinforcement,” by A. C. Catania and G. 8. Reynolds, 1968,
Journal of the Experimental Analysis of Behavior, 11, p. 360. Copyright
1968 by the Society of the Experimental Analysis of Behavior, Inc.
Adapted with permission.

the curve for the peak procedure by shifting its descending limb
to the left, but it also shifts the curve for the simple FI schedule
to the right; the intersection point does not move.

More specifically, I show in Appendix C that when p = %,
the curves for the peak procedure and the simple FI intersect
approximately at Time ¢*, equal to

*_T2_Tl

T (T Ty) (13)

Notice that Equation 15 is parameter free. The invariance of
the local minimum of response rate is the source of the model’s
second difficulty: If the bird shows a dip in its response rate
profile at another location, the model cannot accommodate it. [
discuss the implications of these ‘“‘errors”’ in the final section
of the study. :

Bisection Experiment

So far I have examined situations in which the animal had
to time intervals as they elapsed. A different set of procedures
studies how behavior may be controlled by past stimulus dura-

tions. In what follows, 1 describe the major findings obtained
with one such procedure, the bisection of temporal intervals, and
then extend the model to deal with this new situation. Another set
of studies has examined how animals time their own responses
(e.g., how rats adjust the duration of their lever presses to some
reinforcement rule; see Platt, 1979, for a review), but they will
not be addressed here.

In the bisection experiment, the animal is exposed to either
a short- or a long-duration stimulus. To obtain food, the animal
must then report during a two-choice phase which duration has
just occurred (e.g., if the stimulus was shore, press the right
lever; if the stimulus was long, press the left lever; Catania,
1970; Church & Deluty, 1977; Platt & Davis, 1983; Stubbs,
1968). Once the animal discriminates between the two stimuli,
the experimenter introduces intermediate durations on test trials.
The test duration that produces the same number of choices of
the left and right levers, that is, the duration judged to be halfway
between the two training stimuli, is referred to as the bisection,
or indifference, point.

Catania (1970) reported one of the first experiments with the
bisection procedure. To obtain faod, a squirrel monkey had to
press a left lever three times after a 1-s tone and a right lever
three times after a 4-s tone. Control by intermediate durations
was assessed on probe (rials with no food. The top panel of
Figure 15 (circles) shows the results. The proportion of short
responses was close to 1 after the short stimulus and close to 0
after the long stimulus. The bisection point, obtained by linear
interpolation, was close to 2.3 s, less than the arithmetic average
(2.5 s) but slightly greater than the geometric average (2.0 s)
of the two training stimuli.

The middle panel of Figure 15 shows the average results
obtained by Fetterman and Killeen (1991) with 4 pigeons
trained with 4-s and 12-s stimuli. The vertical bars show the
standard error of the means. The obtained mean bisection point
equaled 7.31, again less than the arithmetic mean (8.00) but
slightly greater than the geometric mean (6.92) of the two train-
ing stimuli.

Church and Deluty (1977) performed a more extensive study
with the bisection procedure. Rats learned to press the left lever
after one signal duration and the right lever after another dura-
tion. One signal was always 4 times longer than the other. The
bottom panel of Figure 15 shows the average results for four
pairs of short and long stimulus durations. The proportion of
short responses is plotted as a function of the relative duration
of the signal, with the short duration as the standard. The super-
position of the data points suggests a Weber-like property for
temporal discrimination: Equal ratios yield equal discriminabili-
ties (Gibbon, 1981). Furthermore, the bisection point in all four
conditions is very close to the geométric mean (2.0) of the
training stimuli.

Extending the model. To deal with the bisection results, the
basic model was modified slightly. Obviously, two responses
and a rule to determine which response occurs during the choice
phase arc needed. In addition, given that the animal can respond
only after the signal terminates, learning is restricted to the
choice phase. To accommodate this fact, I changed the learning
rule from continuous te discrete time and applied it only after
each choice response. The extended model is illustrated in Fig-
ure 16 and works as follows: The onset of the training stimulus,
the time marker, triggers the transitions across the behavioral
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Figure 15. The symbols show the proportion of short responses as a
function of stimulus duration in three experiments. The left and rightmost
durations are the two training stimuli. The vertical bars in the middle
panel show the standard error of the means. In the bottom panel, the
data from four conditions (training stimulj 1-4, 2-8, 3-12, and 4-16
s} are shown with the abscissa expressed in terms of relative stimulus
duration, with the short stimulus as the standard. Animals were a squirrel
monkey (top panel), 4 pigeons (middle panel), and 6 rats {bottom
panel ). Curves: predictions of the model with the parameters shown in
Table 5. Adapted from ‘‘Reinforcement Schedules and the Psychophysi-
cal Judgments: A Study of Some Temporal Properties of Behaviar,” by
A. C. Catania, 1970, in W. N. Schoenfeld, The Theory of Reinforcement
Scheduies (p. 9), New York: Appleton & Lange. Copyright 1970 by
Appleton & Lange. Adapted with permission. Adapted from ‘‘Adjusting
the Pacemaker,” by J. G. Fetterman and P. R. Killeen, 1991, Learning
and Motivation, 22, p. 234. Copyright 1991 by Academic Press. Adapted
with permission. Adapted from ‘‘Bisection of Temporal Intervals,”” by
R. M. Church and M. Z. Deluty, 1977, Journal of Experimental Psychol-
ogy: Animal Behavior Processes, 3, p. 220. Copyright 1977 by the
American Psychological Association. Adapted with permission of the
author.

states described by Equation 8 (see top circles in Figure 8).
When the stimuius ends, the animal responds left or right (bot-
tom circles). If the response is reinforced, then the association
between each state and the choice response increases and the
association between each state and the opposite response de-
creases by the same amount. These associations are represented
by the two sets of middle arrows in Figure 16. If the choice
response is incorrect, then the association between that response
and each state decreases and the association between the states
and the opposite response increases.

Table 4 presents the discrete-time equations of the model. Let
the left (L) response be the correct choice after the short (S)
stimulus and the right response (R) be the correct choice after
the long (L) stimulus. The top left cell of Table 4 states that
when the animal responds left after the short stimulus and there-
fore receives food, the association between state n and the left
response increases by an amount equal to AWL(#) = 8- X (8§,
n)«[1 — WL(n)], where / is a reinforcement parameter, X (S,
n) is the activation of state n after the short stimulus, and Wi(n)
is the current association between behavioral state » and the left
response. The association between state 7 and the right response
decreases by the same amount. If after stimulus S, the animal
responds right and therefore does not receive food (top right
cell), the association between state n and the right response
decreases by an amount equal to AWR(n) = —a-X(S,
n): WR(n), where a is an extinction parameter. The association
between state n and the left response increases by the same
amount. The remaining cells of the table have similar interpreta-
tions. In summary, this reward-following-learning rule, structur-
ally identical to Equations 5 and 6, states that responses compete
for a fixed amount of associative strength and that associative
strength changes with reinforcement and extinction.

After a stimulus with duration ¢, the strengths of the left and
right responses equal

RL(t) = Y WL(m)X(t, n) (16}
n=ap
and
RR(t) = Y WR(n)X(t,n)=1— RL(1).
n=0
Time Marker

Behavioral States
Associative Links

Operant Responses

Response Strength

Figure 16. Extended model to deal with choice situations such as the
bisection of temporal intervals, A time marker initiates the activation of
the behavioral states (top). The states become associated with both
responses (middle arrows ). The choice responses ( bottom) compete for
the final common path (horizontal double arrow ).
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Table 4

Change in the Associative Strength WL(n) According 1o the Stimulus and the

Response That Occurred on the Trial

Stimulus Left response Right response
Short AWL(n) = BX(S, )1 — WL(n)) AWL(n) = aX(S, n)(1 — WL(n))
Long AWL(n) = —aX(L, n)WL(n) AWI(n) = —BX(L, mWL(n)

Note. WL{n) = the association between state n and the left response; AWL(n) = change in WL(n) at the
end of the trial; & = extinction parameter; 8 = reinforcement parameter; X(S, #) = activation of state » at
the end of the short stimnlus; X(L, n) = activation of state n at the end of the long stimulus.

On short trials, + = S; on long trials, ¢+ = L; and on probe
trials, t may take any value, generally somewhere between these
two.

The quantities RL(#) and RR(r) describe the strength of the
two responses at the time that the signal ends and the choice
phase begins. The actual choice predicted by the model depends
on how these two quantities are combined in a decision rule. I
propose the following rule® for the probability of a left response
after a stimulus with duration ¢,

exp [0 RL(1)]
exp (6 RL(#)] + exp [§- RR(N)]
1

"1+ exp[-6(1 - 2RL(D)] an

I

P(L|D)

where § > 0 is a dimensionless sensitivity parameter that, to-
gether with A, determines the steepness of the psychometric
curve. Parameter 6 may be related to factors such as the stimulus
modality, the distance between the two response keys, and other
structural features of the situation; hence, as long as these fea-
tures remain constant, § should not change.

Equation 17 has the right set of properties: When the strength
of the left response is much greater than the strength of the right
response, P(L{?) is close to 1; when the two responses have
equal strength, P(L|t) equals ‘4. Hence. the bisection point
predicted by the model does not depend on & when the right
response is much stronger than the left, #(L|r) approaches 0.
The equaticn has the additional advantage of generalizing easily
to situations with more than two alternatives.

Predictions of the model. Computer simulations showed
that the steady-state behavior of the model does not change
appreciably when the extinction parameter o equals the rein-
forcement parameter 3. Therefore, in what follows @ = f. This
restriction has the additional advantage of leading to a steady-
state distribution of W that is independent of the decision rule.
In fact, it can be shown that the expected value of AWL(n)
after one trial is equal to

E[AWL(m)]
= apX (S, n) — a[pX{S,n) + (1 — p)X(L, n)]WL(n),

where p is the probability of presenting the short duration stimu-
lus, At the steady state and for the common value of p = ',

X(S,n)
X5, n)+X(L,n)

= 1 . (18)

1+ (é)nexp[—h(L - 51

E[WL(n)] =

and
E[WR(n)] = 1 — E[WL{n)).

The final distribution of W depends on the ratio and the differ-
ence of the two stimulus durations, but it does not depend on
the learning parameter «. This is an intuitively plausible result
because the effects of reinforcement and extinction are likely
to be identical for both responses and, consequently, their effects
should cancel in a symmetric, two-choice situation. The final
model is therefore composed of Equation 18, the steady-state
value of the associative links; Equation 16, the strength of the
two responses at the beginning of the choice period; and Equa-
tion 17, the probability of each response. It uses two free param-
eters: A, included in X, and 8.

The solid curves in Figure 15 illustrate the predictions of the
model for the three experiments reported before, and Table 5
gives the corresponding parameters. The theoretical curves de-
scribe all data sets well. In the bottom panel, 6 and A* remained
constant across conditions { see Table 5). I selected these param-
eter values because they were close to the best fitting parameters
and, more important, because they predict a single curve when
the probability of a short response is plotted against relative
stimnlus duration. In fact, Equation 18 implies that, for a con-
stant ratio of stimulus durations, when ) is inversely propor-
tional to the average duration of the signals, the steady-state
values of W, RL, RR, and P({L|t) do not change across
conditions.

It is clear from Figure 1S that the model does not predict a
bisection point exactly at the geometric mean of the training
stimuli, but at a slightly greater value. As shown in Appendix
D, this value, denoted by g*, is approximately equal to

L-5

= ns (19)

g*

* Computer simulations showed that the simpler ratio rule P(L|1#) =
RL(N/[RL(2) + RR(1] could not account for the data presented above.
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Table 5
Parameters Used to Fit the Data Sets Shown in Figure 15
X S+ L
Study 5 L 2 5 o
Catania (1970) 1 4 1.2 11.8 999
Fetterman & Killeen (1991) 4 12 9.0 27 993
Church & Deluty (1977) 1 4 8.2 25 088
2 8 g2 2.5 9718
3 12 82 25 968
4 16 8.2 2.5 982

Note. S = duration of short stimulus; L = duration of long stimulus;
A = rate of transition across the behavioral states; & = sensitivity parame-
ter; w® = variance accounted for.

The relative discrepancy between g* and the geometric mean
g is given by
g*—z r—1
— —_— 1'
g In(rWr

(20)

where r = L/S. For small ratios, g* is close to g, but as the
ratio of signal durations increases so does the discrepancy. In
the studies described earlier, r equaled 3 or 4, which means that
the relative discrepancy ranged from .05 to .082, values that are
too small to be easily detected. It can also be shown that g * is
always less than the arithmetic mean of the sighals. Hence, the
model predicts an indifference point that lies always between
the geometric and the arithmetic means of the training stimuli,
as illustrated by Catania (1970) and Fetterman and Killeen’s
(1991) data.

Dynamic analysis. Remarkably, perhaps, the bisection point
of the model has the same equation as the local minimum of
response rate in mixed FI-FI schedules (cf. Equations 15 and
19). This identity is more than coincidental and highlights a
basic similarity between the two procedures. In fact, when the
steady state is reached, the bisection experiment may be seen
as a mixed FI-FI schedule, with the short and long stinmli
playing the role of the two FIs. Furthermore, the middle state
that in the mixed schedule is the least conditioned to the operant
response is equivalent to the middle state that in the bisection
experiment is equally conditioned to both responses; the former
determines the local minimum of response rate, the latter the
indifference point.

Church and Deluty (1977) also asked whether the rats in the
bisection procedure learn 10 choose on the basis of the relative
or the absolute durations of the stirnuli. To answer this question,
they performed the experiment schematized in Table 6. During
Phase 1, all of the animals were trained to choose left after the
short stimulus (7,) and right after the long stimulus (7T3). In
Phase 2, T, was presented with an even longer stimulus (75},
so that the long stimulus of Phase 1 became the short stimulus
in Phase 2. For one half of the rats (Group [), the left lever
remained associated with the short stimulus, whereas for the
other rats (Group I1), the association between relative stimulus
durations and levers was reversed. The results showed that
Group [ learned the new discrimination faster than Group II,
which suggests that responding in Phase 1 was controlled by
the relative, not the absolute, durations of the stimuli.

Table 6
Design of Church and Deluty's (1977) Experiment
Phase 1 Phase 2
Correct Correct
Group Stimulus response Stimulus response
I: No reversal T, (short) Left T, (short) Left
T2 (long) Right 75 (long) Right
II: Reversal T, (short) Left T, (short) Right
T (long) Right T, (long) Left

Note. T = duration of the stimmlus.

To understand this finding within the current model, look at
Figure 17. The filled circles show the strength of the associations
between the behavioral states and the left response at the end
of Phase 1, that is, WL{n); the associations with the right re-
sponse, that is, are not shown because they equal 1 — WL(n).
The empty circles show the values of WL(n) for Group I (left
panel) and Group II (right panel) at the end of Phase 2. The
difference between the filled and empty circles (see arrows) is
the amount of reconditioning that will take place during Phase
2. Clearly, this difference is greater in the right panel, which
means that when the experimenters reversed the assignment of
the levers with respect to the relative durations of the stimuli,
they left the animals in Group I farther from their steady state—
hence, the greater amount of time required to learn the new
discrimination. (The preceding argument is even more compel-
ling if parameter A decreases during Phase 2 because of a de-
crease in the overall reinforcement rate.)

Another way to understand the results of Phase 2 is to realize
that, according to the model, Group I (no reversal)} makes incor-
rect choices mainly after the short stimulus; the long stimulus
is already correctly associated with the right response. However,
Group II (reversal) makes incorrect choices mainly after the
long stimulus; the short stimulus is correctly associated with the
left response. But Table 4 shows that the magnitudes of AWL
and AWR (i.e., the speed of learning) are proportional to X,

No Reversal Reversal
1.0 1.0
08 0.8
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g 04 04
02 0.2
0.0 0.0

R T e A
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State (n)

ey
0 4 8 12 16
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Figure 17. Predictions of the model for the experiment schematized
in Table 6. The filled circles show the association of the states with the
left response, WL(#n), at the end of Phase 1 or the beginning of Phase
2. The empty circles show the steady-state values of WL(n) at the end
of Phase 2. The arrows indicate the distance between the initial and final
values of WL(n) for bath groups. The no-reversal group has to travel
a shorter distance and should therefore learn the new discrimination
faster.
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the activation of the states at the beginning of the cheice phase,
and this activation is greater after short than long stimuli (see
Figure 3).

Discussion

The temporal regulation of behavior is a derivative of three
fundamental processes: the sequence of behavioral states, pre-
sumably of phylogenetic origin, that fills the interreinforcement
interval; the process of reinforcement—extinction that modulates
the association between the states and the operant response;
and the motivational—incentive process that maps the degree of
temporal regulation cnto observable behavior. The theoretical
model proposed in this study emphasizes mainly the second
process, the much neglected learning component of temporal
regulation. At the heart of the model is the belief that animals
do not passively tell time by using central, all-purpese internal
clocks; rather, they act on and interact with their environment,
and in the process their behavior changes. In some environments,
these changes yield behavior the properties of which lead human
observers to talk about clocks. In other words, the behavioral
clock evidenced in environments such as the peak proce-
dure emerges from the interplay of the three basic processes
mentioned earlier and the characteristic features of those
environments.

The four procedures used to validate the model are a represen-
tative sample of the simplest environments in which behavior
shows temporal regularities. The FI schedule and the peak pro-
cedure show how animals adjust their behavior to single inter-
vals of time between reinforcers. In agreement with the data,
the model predicts that response rate increases monotonically
with time into the trial in the FI schedule and remains high if
we allow the trial to continue past the usual reinforcement time.
In the peak procedure, response rate increases up to the time
of reinforcement but then it decreases because during the empty
trials the later states extinguish their association with the operant
response. The experiments with the mixed schedules show that
animals can also adapt to two different temporal intervals.
Again, the model reproduces some major features of the data,
the dependence of the response rate profile on the duration and
frequency of the short interval. Finally, the bisection procedure
shows that behavior may also be controlled by the duration of
past events. A discrete-time version of the modei correctly pre-
dicts the shape of the psychometric function and yields an indif-
ference point in close agreement with the empirical results. In
sum, the model not only highlighted the strong family resem-
blance that exists between these four distinct environments, but
also described the main features of the steady-state behavior
observed in them.

In the area of temporal control, the large volume of existing
steady-state data is comparable only to the scarcity of experi-
mental and quantitative analyses of the corresponding acquisi-
tion processes. One likely reason for this asymmetry is the
lack of theoretical frameworks sufficiently developed to guide
research and organize empirical findings on the topic of tempo-
ral learning. Hence, the relevance of the examples of dynamic
analyses presented. From acquisition, extinction, and impulse
effects in FI schedules, the occasional tails of the response
rate function in the peak procedure and the local minimoum of
responding in the mixed schedules, to the effects of reversing

the stimulus—response assignments in the bisection procedure,
all these illustrative cases hint at the potential of the model to
enhance our understanding of the dynamic aspects of temporal
regulation.

Parameters of the Model

Each of the three basic processes assumed to underlie the
temporal regulation of behavior depended on a single parameter.
The rate of transition across the behavioral states depended
on the rate parameter A, the relative effects of extinction and
reinforcement depended on the learning parameter y, and the
mapping from temporal regulation onto response rate depended
on the scale parameter A . In the bisection experiment, I included
the sensitivity parameter 8. The four parameters have straightfor-
ward interpretations: A sets the maximum achievable degree of
temporal regulation, the potential; v translates the potential into
an actual degree of temporal regulation (see Appendix B for
the effects of A and -y on the quality of temporal control); A
determines absolute response rate; and ¢ determines the accu-
racy of the discrimination between two stimulus durations.

For the most part, the parameters of the model behaved or-
derly. Figure 18 presents the values of the parameters for all of
the experiments reported earlier. Parameters A* and A are read
on the left axis, and ¥* and & are read on the right axis; both
axes are logarithmic. Each set of connected points corresponds
to the same experiment.

The rate parameter A* (filled circles ) remained roughly con-
stant across experimental conditions. Thus, BeT’s traditional
assumption that A is proportional to the overall density of food
(Bizo & White, 1994; Fetterman & Killeen, 1991; Killeen &
Fetterman, 1988; Morgan, Killeen, & Fetterman, 1993} was
observed in most fits. The behavior of the learning parameter
(empty circles) was less straightforward. In FI schedules and
the peak procedure, y* remained approximately constant across
conditions, which agrees with the common observation that ex-
tinction becomes less effective as the average interval between
reinforcers increases. In the mixed FI-FI schedules, however,
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Figyre 18. Parameter values used to fit the experiments reported in
the text. Each set of connected points corresponds to one experiment.
Note the logarithmic scale on the y-axes. The data for the fixed-interval
(FT), peak procedure (Peak), mixed fixed-interval—fixed-interval
(Mixed FI-FI}, and the bisection (Bisec) segments come from Tables
1, 2, 3, and 5, respectively.
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v* tended to increase as the variance of the interreinforcement
intervals decreased (for each set of connected points in Figure
18, section Mixed FI-FI, the variance decreases from left to
right). The overall behavior of ¥* is thus consistent with the
partial-reinforcement extinction effect, the greater resistance to
extinction after partial than continuous reinforcement { Mackin-
tosh, 1974; but see Nevin, 1988) and with a discrimination
theory of extinction (Skinner, 1950) that implies that of two
schedules with the same average but different variances of inter-
reinforcement intervals, the one with the greater variance will
engender greater resistance to extinction.

In general, parameter A (filled triangles) did not vary substan-
tially or consistently across experiments or conditions. And fi-
nally, the results from the bisection experiments do not allow
any strong statements about the sensitivity parameter § (empty
squares). However, if my interpretation of 6 is correct, then a
new and testable prediction is possible: The steepness of the
psychometric function should change whenever the discrimina-
bility of two training durations is varied, but these changes
should not affect the animal’s indifference point, because as [
have shown, the indifference point predicted by the model does
not depend on 6. Ways to manipulate the discriminability of the
stimuli may include varying the distance between the response
keys or increasing the response requirement during the choice
phase. The latter happened in Catania’s (1970) experiment,
which may explain the high value for & required to fit his results
(see Figure 15 and Table 5}.

Difficulties of the Model

Although the model fit well (i.e., w? > .95) 30 of the 33
data sets to which it was applied, it faced some difficulties.
First, to deal with the scalar property, the model requires a direct
relation between reinforcement rate and its two parameters, A
and y. How problematic this restriction is remains to be seen.
On the one hand, no study has quantified the dependency of v on
reinforcement density; on the other hand, the empirical evidence
concerning A is mixed. Several studies have reported the pre-
dicted changes in A, but the changes have been less than propor-
tional (e.g., Bizo & White, 1994; Fetterman & Killeen, 1991;
Killeen & Fetterman, 1988; see also Leak & Gibbon, 1995, and
Zeiler & Powell, 1994).

Second, to fit data from the peak procedure, I had to assume
in one half of the cases that the effective interval from the time
marker to the next reinforcer was slightly shorter than the real
interval, an assurnption also required to fit other data sets (e.g..
Church et al., 1994). The required change was in the range of
2 10 4 5, which may reflect a short latency before the onset of
the timing process. As also assumed by SET and BeT, a latency
period could be due to inhibitory properties of the time marker
or, more generally, to variations in its effectiveness to initiate
the serial activation of the behavioral states. The fact that in the
peak procedure the time marker is typically a stimulus change
(e.g., the onset of a tone) rather than the reinforcer itself, gives
some plausibility to this explanation.

Third, in the bisection procedure, the model predicted indif-
ference at a stimulus duration slightly greater than the geometric
mean (cf. Zeiler, 1985). Again, the empirical evidence reviewed
in my study is not conclusive on this issue because the prediction

of the model and the geometric mean are too close to be easily
detected with current procedures.

Fourth, the model faced its greatest difficulty in one condition
of Catapia and Reynolds’s (1968) study, namely, a mixed FI
30-s—FI 240-s schedule with a probability of .5 for the short
FI (see Figures 11 and 12). Recent results reported by Leak
and Gibbon (1993), using the same procedure, suggest that
when the probability of the short interval is high, animals behave
as if they time the two intervals independently and simultane-
ously. This interpretation is based on the peaks and the widths
of the response rate curve during the long interval: The average
response rate curve rises quickly and peaks at the short interval,
falls to a smaller value, and then increases gradually until the
end of the trial. Also, in contrast with Catania and Reynolds’s
data, the response rate at the short interval is much higher than
the terminal rate.

These resuits challenge both serial and parallel models but in
different ways. Thus, to fit the initial, narrow peak, a serial
model such as the present one (or BeT) has to assume a high
value for the rate parameter A, a value that then fails to predict
the gradual increase in response rate observed subsequently.
Conversely, to fit the later portions of the response profile, the
model has to assume a small A that does not fit the nagrow,
initial segment of the response curve, If time regulation is a
serial process, then the preceding results seem to demand
changes in the parameter A within one interreinforcement inter-
val and changes in A that are under the control of the animal’s
own behavior. The latter hypothesis echoes Ferster and Skinner’s
(1957) claim that in many reinforcement schedules the animal’s
current behavior becomes a discriminative stimulus for subse-
quent behavior (see also Skinner, 1950). Only further research
can decide whether these new assumptions about A constitute
spurious epicycles designed to rescue fundamentally flawed se-
rial theories, or alternatively, whether they present a more realis-
tic portrait of the complexities of temporal regulation.

On the other hand, if we assume two parallel and independent
processes of temporal regulation, one estimating the short and
the other the long interval, then we need to answer a different
set of questions. First, how do the two processes determine
response rate? Second, if response rate is a function of the
relative discrepancy between the current time estimate (¢;) and
a reference time to food (T, for the short or T, for the long
interval), as SET typically assumes, then at all dmes t, and
in which (¢, — T))/T, = (1, — T,/ T, response rates should
be equal. This equality certainly holds at the peaks (i.e.,r =T,
and t = T,), but at those times response rates are clearly differ-
ent. Third, and more important from a dynamic viewpoint, if
the memory stores containing the two sets of estimates of T
and T are independent, then how does the animal determine
the store in which to save a just experienced reinforced time?
(To say that large values go into one store and small values go
into the other simply begs the question.) Fourth, Innis and Stad-
don (1971) showed that pigeons can track complex FI schedules
in which the successive interreinforcement intervals follow a
sinusoidal pattern. Does it follow that the birds formed indepen-
dent estimates of the large number of Fis involved in these
cyclic schedules?

In a strictly Popperian view of science, progress is achieved
by refuting conjectures (e.g., Popper, 1972). Accordingly, the
difficulties identified earlier could be seen as decisive and the
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serial model should then be abandoned. But if we adopt a differ-
ent viewpoint toward the role of models in science, then an
alternative is possible. Rather than hypotheses to be only re-
jected, dynamic models may also help to organize empirical
findings, to suggest similarities where they are not apparent,
and to identify clearly the strengths and limitations of current
approaches. The present model satisfied these purposes. Al-
though initially conceived to deal with performance during FI
schedules, the model accounted reasonably well for the major
results obtained with other procedures. More to the point, its
predictions for one procedure helped us to understand the behav-
ior in a different procedure. Thus, performance in the peak
procedure was related to performance in simple FI schedules,
performance in mixed FI-FI schedules was derived from the
combination of performance in single FI schedules and the peak
procedure, and performance in the bisection procedure was re-
lated to performance in mixed FI-F1 schedules. Hence, behav-
toral phenomena that looked very different were organized into
a common and coherent framework. Furthermore, the model
also revealed clearly how little is currently known about the
parameters that regulate the learning processes, response rate,
and response probability.

General Theory of Timing Behavior

Church and Broadbent (1992 ) summarized some of the chal-
lenges facing a general theory of timing behavior thus:

The first fact that any theory of temporal generalization must ac-
count for is the smooth peak function in which the mean probability
of a response gradually increases t0 a maximum near the time of
reinforcement and then decreases in a slightly asymmetrical fashion.

The second fact that any theory of temporal generalization must
account for is that performance on individual trials, unlike the mean
function, is characterized by an abrupt change from a state of low
responding to 4 state of high responding and finally another state
of low responding.

The third fact that any theory of temporal generalization must ac-
count for is that the mean functions are very similar with time
shown as a proportion of the ume of reinforcement. (p. 58)

As the predictions for the peak procedure show (Figure 9),
the present model clearly satisfies the first requirement. At the
steady state, response rate increases smoothly up to the time of
reinforcement and then decreases in an asymmetrical way. The
model satisfies the third requirement whenever the rate parame-
ter A and the learning parameter X are directly proportional to
overall reinforcement rate. The second requirement falls outside
the scope of the present model because, being both deterministic
and linear, the model restricts its domain to the average behavior
of the animal. Two reasons mitigate the potential negative impact
of this restriction, however. First, the abrupt change in behavior
mentioned by Church and Broadbent (1992) occurs only after
prolonged exposure to time-based schedules; early in training,
response rate changes more gradually, in closer agreement with
the present model (e.g., Ferster & Skinner, 1957; Schneider,
1969). Second, as I will explain, the formal structure of the
model and its equations are easily cast in a stochastic framework,
a framework that may be able to deal with the forms of nonlin-

earity identified by Church and Broadbent. The stochastic
framework also captures some of the verbal statements made
by the proponents of BeT (see Killeen & Fetterman, 1988).

Specifically, the cascade of behavioral states assumed by the
present model is mathematically equivalent to a Poisson process,
the cornerstone of BeT. In other words, if a pulse from an
internal pacemaker, occurring randomly in time, moves the ani-
mal from state » to state » + 1, then the differential equations
for the probability of being in state n at time r equal Equations
1 to 4. Also, if we assume that the association between the
animal’s current state and the operant response decreases during
extinction and increases during reinforcement, then Equations
5 and 6 could describe the conditioning process; variable X (¢,
1) would be set to 1 if the animal is in state » at tirne ¢, and 1o
0 otherwise. Finally, the associative strength of a state could be
interpreted as the tendency to respond when in that state, a
tendency mapped onto response rate by the multiplier A . Hence,
the behavior of the present model is formally equivalent to the
mean performance predicted by BeT with a linear iearning rule
and a constant scaling factor to generate response rate. The
adequacy and full implications of this stochastic framework®
(e.g., its predictions concerning trial-by-trial variability in pause
duration; see Hanson & Killeen, 1981; Schneider, 1969) remain
to be investigated.

As the foregoing remarks show, the present model bears a
close resemblance to BeTl. In fact, it instantiates BeT as a dy-
namic, real-time model of temporal regulation. By providing
BeT with an explicit learnting rule and an explicit mapping from
temporal regulation onto response rate, or probability, the model
eliminates BeT’s most dubious assumptions. In all single-re-
sponse schedules, it is no longer necessary to assume, somewhat
ad hoc, that only one state or a subset of states becomes condi-
tioned to the operant response. Similarly, in experiments on the
bisection of temporal intervals, it is no longer necessary to
assume that only two states control the animal’s choices (e.g.,
Bizo & White, 1994 ). In fact, one wonders what learning rules
would lead to such extreme forms of conditioning.

In addition to its extensions of BeT, the present model also
sugpests that Church and Broadbent’s ( 1992) list of challenges
to a general theory of timing is incomplete; at least a fourth
one is needed. A general theory of timing must also explain the
behavioral trajectory, or trajectories, followed by animals as
they approach the steady state. This general challenge boils
down to specific questions: How does learning proceed when
important events in the iife of an animal occur periodically or
quasi-periodically? How do animals solve the credit-assignment
problem in time-based reinforcement schedules? How do the
processes of reinforcement and extinction affect temporal regn-
lation? Having identified a set of critical, albeit currently dor-
mant, questions central to our understanding of timing behavior,
and having advanced plausible answers to them, the model de-
scribed in this article has also fulfilled its heuristic role.

® Another way to deal with the variability in the temporal control of
behavior is to assume that the two major parameters of the model are
random variables with means h and y and some finite variance. This
assumption would open the door to an important source of multiplicative
variance in the model, one that, according to Gibbon’s (1992} analysis,
would rapidly swamp the Poisson variance engendered by a constant A,
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Appendix A

Fixed Interval Schedules

The following functions are used to simplify the notation in subse-
quent equations:

_ exp(—an(A)"

X(t, n) Y

ST, n) = exp[—fdX (T, nl,

T
(T, n)y= exp[—a f X(T, n)dr] '

o

where d is reinforcement duration, o and /7 are learning parameters, and
A is the rate parameter that controls the activation of the behavioral
states. The following restrictions apply: 0 < a, B, \, and d = 3 s,

To derive the steady-state distribution of W for FI schedules, I divided
the FI cycle into its two segments, the first T s of extinction and the
next ¢ s of reinforcement. The reinforced response separates the two
segments. Next, I considered the mth FI cycle and related the three
values of W (r, n) illostrated in the following diagram:

7 s of extinction d 5 of reinforcement

W0, n)™ e (T, 0} —————> W(T + d, n)"™,

W (0, n)™ is the associative strength of state # at the beginning of
the mth cycle; similarly, W (T, n)™ and W (T + d, n)*™ are the associa-
tions of state # after the 7 s of extinction and the d s of reinforcement,
respectively. From Equations 9 and 10 (with K = 1) and remembering
the earlier definitions of fand g, we get

W(T, )™ = W0, n}¥"g(T, n),
W(T+d, n)" = 1-[1-W (0, n)"™g(T, a)]F(T, n).

But W(T+d, n)!™ = W(0, n)!™ " because the associative strength
of state a at the end of cycle m equals the associative strength of state
n at the beginning of cycle m + 1. Hence, a linear difference equation
relates two successive values of W (0, n):

WO, n)™ " = 1 — f(T, n) + f(T, myg(T, m)W(O, n)".

At the steady state,

1 - f(7, n)
I = f(T, mg(T, n)

1 — exp(—BdX(T, n))

W0, n)™

]

- - .
1 - exp[—-a f X(r, n)dr — BdX (T, n)]

When the learning parameters « and J are small, the above expression

may usefully be simplified by expanding the exponentials and retaining
only first-order terms. After rearranging,

X(T,n)

W(0. m)™ = =
X(T,ny+ 7y I X(r, n)dr
0

wherey——c-y—
. 5

This is Equation 11 in the text.

Limit of W(n) for Large n

To determine the value of W for large #, an important result to predict
response rate early in extinction after FI training, we divide numerator
and denominator by X (7, r} and then analyze the ratio

.
‘[ X(r, n)dr
1]

X(T.n)

T
= exp(”’)f exp(—Ar)ridr
T 0

T
<< ———EXP()\T)J' ThdT = k .
T Q A+l

As n grows, this ratio tends to 0 and consequently W(n) approaches 1.

The Scalar Property
Equation 12 in the text is equivalent to

exp(— A (M) n!

R(1)=AY v
"1+ 'yf exp[—A(r — T)J(;) dr

By the change of variable z = (7/T), we get

exp(—A)(A)"/n!

=AY

- .
"1+ ny exp(—AT(z — LN"dz
4]

If » = &k/T and y = k,/T, then R(r) depends only on the ratio /T
= t¥

—k ) (k2*) " n!
=AY exp(I ¥ty n _
a4+ sz exp(—k(z — 1))z"dz

n

The normalization along the ¥ axis cancels the effect of parameter A.
Hence, résponse rate during the interval depends exclusively on 7%.
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Appendix B

The Peak Procedure

In the peak procedure, W (#) is a random variable the value of which
at the end of one cycle depends con the type of trial—food or empty —
in effect during the cycle. Hence, | approximate the distribution of W (n)
by its expected value (computer simulations show that the approximation
is extremely good when the leaming parameters are small). With proba-
bility 1 — p, the trial is empty and the value of W (0, n) decays for T,
s; with probability p, the trial is a food trial and, therefore, after 7, s
of extinction, 4 s of reinforcement follow. Hence, the expected value of
W0, n) on trial m + 1 equals

W(0, nym " = p [1 = (1 = W(O, m)™g(T,, m)f(T,. n))

S

food trial
+ (1~ p) WO, )Y g(Ty, n) .
Nt s

empty trial
Hence,

W0, )" = p{l — f(T\, r)] + [pf(T1, n)g(T, n)
+ (1 = p)g(Tz, n)IW(0, )™,
Let
a(n) = pll - f(T\, n)]

b(a) = [pf(T), n)g(T\, a) + (1 - p)g(Ty, n)].
Then,

m-1

W0, n)™ = a(n) T [6(m)] + [b(n)]"W (0, n)'”

i=0

- alm) o _ _aln) m
T b(ﬁ) + [W(O,n) = b(n)][b(”” .

The last equation with m = 600 was used to predict the non-steady-
state data from Roberts et al.'s (1989) study, condition 7 = 30 5. The
fit is shown in the left bottom panel of Figure 9 (see solid curve through
empty circles).

In the steady state,

pll — f(Ty, n)]
1~ pf(T, m)g(Ti,n) = (1 — p)g(Ty, n)

Again, by expanding the exponentials and retaining only first-order
terms, the preceding expression simplifies to

W0, n)*’

W (0, n)® =

X(T.,H)

A

7

| - rl ’
X(T.,n)+'yf X('r.n)d'r-l-yl Pf X(r, n)dr
p

Q [}

This is Equation 13 in the text,

The Effects of A and y on the Quality of Temporal Control

To illustrate the effects of the rate and learning parameters on the
quality of temporal control, assume a peak procedure with 20-s food
trials, 160-s empty trials, and p = .B. The top panel of Figure Bl shows
the effect of varying A while keeping y constant. As A decreases, the
response Tate curves broaden and the degree of temporal control is
reduced —small A implies greater variance. The bottom panel shows the
effect of holding h constant and varying . When the relative effects of
extinction decrease, two consequences follow: (a) Response strength
increases, and (b) the rate curves broaden and, therefore, temporal con-

10 1.0 Effect of A
.8
0 0.1
0.6
0.05
0.4
0.2

Response Strength

T T
0 20 40 60 80
Time in Interval (s)

Figure Bi. ‘The effect of the rate (A) and learning () parameters on
the shape of the response curves in the peak procedure. Top: For constant
7. increasing \ increases the degree of temporal discrimination ( variance
is reduced). Bottom: For constant A, decreasing y increases response
strength but also decreases the degree of temporal discrimination ( vari-
ance increases).

trol is reduced. In the extreme case of ¥ = 0 (i.e., extinction has no
effect), the animal would respond throughout the interval and show no
temporal control.

Notice that if the learning parameter v can increase the variance of
a response rate curve, it cannot decrease that variance below the mini-
mum value imposed by parameter X. In other words, the rate parameter A
sets the maximum degree of temporal control (i.e., the lowest variance);
changes in y can only decrease that control (i.e., increase the variance).

Limit of W (») for large n
In contrast with the FI schedule, in the peak procedure the limit of

W (n) forlarge n is Q. To see this, divide both numerator and denominator
of the preceding equation by X (7, n}, and then consider the ratio

Tl
f X(r, n)dr
o
X(Ty, n)

_ SXP(AT)) Tz
Ty Ja

exp(—ar)r"dr

E)’H-I
exp(ATY) J‘ N (T:
> T exp(—\T,) . Tdr =k —

As a1 grows, this ratio tends to + and therefore W(n) tends to 0.

(Appendixes continue on next page)
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Appendix C

Mixed Schedules

To derive the predictions of the model for mixed FI-FI schedules, 1
followed the same steps as for the peak procedure, except that here the
second interval ends with food. Hence, the expected value of W (0, n)
at the beginning of cycle {m + 1) equals

W0, ny™ " =p 1 = (1 = W0, m)"™g(T\, n))f(Ty, n)]
A7, sobedule

+ (1 -p) [\1 — (1 = W0, m)™ g (T, n))f(T, n)l,
FlT;;edule

where T, and T are the durations of the two Fls and p is the probability
of selecting the FI 7's long. At the steady state,

W0, )™ = [1 = pf{Ty, n) ~ (1 = p)f(To. )Y/
[T =pf(T.mg(T,n) —(1-p)f(Ty, n}g(Ts, n)]

Expanding the exponentials and retaining only first-order terms yields

W0, m)*" = [pX{(T\, n) + (1 = p)X{T2. m))/

TL
{p[X(T\, n) + 7f X(r, n)d‘i’]
]

T?
+ (1 AP)[X(Tz,n) + yf X(T,H)dT] }

This is Equation 14 in the text. Note that when p = O or p = 1, the
preceding equation reduces to the equation for an FI-T s, or an FI-T,
5. respectively.

The Local Mintmum

The local minimum of response rate may be approximated by de-
termining first the most active state when the curves for the peak proce-
dure and the FI schedule intersect (see Figure 14):

X(T, n
LI 1-p ("
X(T,.n)+ v X(T.n)d'r+'y————f X(r, n)dr
4 P

X(T>, n)

- 7,
X(To, 1) + v f "X(r, n)dr
o

l}

which simplifies to

AT,

exp{~r)r"dr -
exp(As)r™ = S + 2
j exp{—7)7"dr P

1]

where s = T, — T and r = T,/7,. The ratio of the two integrals is
always between 0 and 1, and therefore
In (J.;E)
_ P

In {r)

Ay . In(p) - As

= An =
In{ry In(r) In (»)

When p = ', as in the bottom panel of Figure 14, the above expression
simplifies to
As In{(2) NS
— =Nn= .
In (r} In (r) In (r)

The second term on the left is typically muoch smaller than T because
ris much greater than 2. Therefore, and to an approximation,
As
In(r)

(=3

The time #* when state n is the most active state equals

This is Equation 15 in the text. In summary, the minimum of response
rate when p = % and r >> 2 is basically independent from the parame-
ters of the model. The foregoing conclusion is valid only if A is not too
small (i.e., A > 1/T,), but this condition is not too restrictive because
when X\ is very small, there simply is no local minimum of response
rate,
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Appendix D

Bisection Procedure

The exact value of the bisection point predicted by the model can
only be computed numerically, but the following argument provides a
close approximation. After a short duration signal, the early states are
the most active, and because they are strongly conditioned to the left
response, that response occurs. Similarly, after a long duration signal,
the later states are the most active, and because they are mainly associated
with the right response, that response occurs. Figure D1 illustrates these
remarks for the case § = 1 s, L. = 4 s, and A = 1.44, The filled and
empty circles show the distributions of WL and W R, respectively. As
expected, early states are mostly conditioned to the left response,
whereas later states are mostly conditioned to the right response. The
point at which the two curves intersect corresponds to a state that is
approximately equally conditioned to the left and right responses. When
this state and its neighbors are the most active states at the moment of
choice, the animal is indifferent.

The two curves in Figure D1 intersect when

E{WL(n)] = E{WR(n)]
X(8,n)=X(L,n)
L-s
in (E) '
s
This result was also obtained by Killeen and Fetterman ( 1988 ) follow-

ing a different approach. State n will be the most active state for a
stimulus duration equal to

n=A

L-§

f—m—(g-

This is Equation 19 in the text. T compare g* with the geometric

gt =

1.0100-0.. Jeocecne
g 0.8 7 4 o
A 4
g 06 1 . O Right
.g | .
5 04 o Left
O 4
3 0.2 o *
00 looooo® *eecnee
———————
0 5 10 15
State (n)
Figure DI. Predicted associative connections of the behavioral states

to the left and right responses when the short and long stimuli have
durations of 1 and 4 s, respectively, and A = 1.44. State 7, almost equally
associated with both responses, predicts the bisection point of the model.

mean g, we express both values in terms of the difference between the
signal durations (s = L — § > () and their ratioc (r = L/S > 1):

5

¥ =
& In(#)
r
g = .
r—1

The relative discrepancy between g* and g is then given by

gr-g_r-1 _,
g In(rpr

This is Equation 20 in the text.

Appendix E

Parameter Estimation

The parameters of the model were estimated by the nonlinear simplex
algorithim as described by Press, Teukolsky, Vetterling, and Flannery
(1992). For 4 of the 33 data sets, the algorithm converged to vareason-
able parameter values (e.g., extremely high values of A or y = 0, or
both). In these cases, 1 imposed restrictions on the parameters on the

basis of visual inspection of the data. The variance accounted for with
the new parameters was reduced by less than .01,
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